Five-dimensional warped product space-time with time-dependent warping
  and a scalar field in the bulk by Guha, Sarbari & Bhattacharya, Pinaki
ar
X
iv
:1
80
3.
06
23
3v
1 
 [g
r-q
c] 
 14
 M
ar 
20
18
Five-dimensional warped product space-time with time-dependent warping and a
scalar field in the bulk
Sarbari Guha
Department of Physics, St. Xavier’s College (Autonomous), Kolkata 700016, India
Pinaki Bhattacharya
Gopal Nagar High School, Singur 712409, West Bengal, India
Department of Physics, Jadavpur University, Kolkata 700032, India
We have considered gravity in a five-dimensional warped product space-time, with a time-
dependent warp factor and a time-dependent extra dimension. The five-dimensional field equations
are derived for a spatially flat FRW brane and the energy conditions and the nature of bulk geometry
have been examined. It is found that the expansion of the four-dimensional universe depends on its
location along the extra dimension and will be different at different locations in the bulk spacetime.
At low energies, the trapping of fields within the brane implies a specific correlation between the
warp factor and the extra-dimensional scale factor. Generally, the bulk is not conformally flat. At
high energies, the bulk is assumed to be sourced by a scalar field with self-interaction. The analy-
sis shows that the potential of the scalar field source of gravity at a given position along the fifth
dimension, is related to the Hubble parameter on the brane at that position in the bulk.
I. INTRODUCTION
In recent theories of particle physics [1–4] the universe is regarded as a (3+1)-dimensional spacetime embedded
in a higher-dimensional bulk. The knowledge that the effective five-dimensional (5D) theory of the strongly coupled
heterotic strings is a gauged version of the (N = 1) 5D supergravity with four-dimensional (4D) boundaries [5, 6],
led to extensive studies in this field. Inspired by the D-branes of string theory, Arkani-Hamed, Dimopoulos and Dvali
[7–10] and Randall and Sundrum (RS) [11] proposed theories of extra dimensions in which some of these fields (which
may sometimes represent only gravity) propagate in the extra dimensions, while standard model (SM) fields remain
confined to a (3 + 1)-dimensional submanifold, called brane. The simplest illustration is available in the framework
of a 5D theory with a single warped extra dimension [12–14]. The issue of localization of gravity and particles was
addressed by many researchers [11, 15–26]. Cosmological consequences have been studied in the RS model of both
the single brane and two brane versions [27–37].
The extra-dimensions play a crucial role in a dynamical spacetime [38]. The bulk is “slightly warped” in the models
of heterotic M theory with the inter-brane distances being represented by scalar fields (called moduli), introduced
through the integration constants in the classical solutions. For solutions over a continuous range of integration
constants, the moduli are massless, giving rise to long range scalar forces, which evolve cosmologically, being time-
dependent. This leads to time-variations of the fundamental constants [39–41], indicating that at least some moduli
fields are not stabilized. To avoid this, the moduli fields are assumed to be stabilized by some mechanism in the early
universe [42–44]. The RS model is “highly warped” and devoid of any bulk scalar. But string theory requires the
dimensionally reduced low energy effective action to include both the higher-order curvature terms, as well as dilatonic
scalar fields [5]. Thus scalar fields were introduced in the bulk of the RS model to stabilize the extra dimension [45],
with the single modulus, called the “radion”, being related to the thickness of the AdS slice.
In the RS model, the bulk and the branes are maximally symmetric. The fields living on the negative tension
brane, have masses proportional to the radion expectation value and for generic matter in the bulk, the one loop
effective potential is not sufficient to stabilize the radion at a phenomenologically acceptable mass [46]. In the warped
braneworld models which are not maximally symmetric, the bulk contains a dilaton field, with an exponential potential
coupled to the 5D gravity. The solutions have a power-law warp factor which yields a power-law inflation on the brane
[47, 48], although the bulk itself is not inflating. The back reaction of the dilaton coupling in the bulk to the 4D brane
gives rise to the non-vanishing component of the energy-momentum tensor along the fifth dimension [49].
In the RS1 setup, in presence of a bulk scalar field which couples to the branes, the inter-brane distance is not
arbitrary and the expected massless mode acquires a nonzero mass, so that Einstein gravity is recovered [50–56]. In
the RS2 setup, although, the hierarchy problem cannot be solved, there are several important consequences [57–67].
The bulk scalar facilitates to generate the hypersurface in the form of the so-called thick brane [68]. Although SM
fields cannot move freely through the extra dimensions, they may be able to access the extra dimensions to distances
∼ m−1EW ∼ 10−19 m, without contradicting the Standard Model [7–10]. In such a case, the braneworld should be a
field-theoretic construction, in the form of a topological defect (a domain wall (DW)), in a higher dimensional space,
an idea originally proposed by Akama [1] and Rubakov and Shaposhnikov [2]. A simple way to construct a thick brane
2is to replace the delta functions in the action by non–singular source functions. Generally, a scalar field supported by
a potential is responsible for the generation of a DW, providing smoothed out versions of the original delta-function
defects in the warped RS model [69–74]. Alternatively one can also use self-interacting scalar fields minimally coupled
to gravity. A more elaborate method is to introduce a non-minimal coupling between gravity and matter [75–79].
Many authors have constructed generalized solutions to build realistic models for addressing the unsolved issues in
astrophysics and cosmology [80–90]. In the dynamical brane solutions in supergravity and string theory [91–97], the
warp factors can be time-dependent, depending on the ansatz for the fields. After compactification of the internal
space, the solutions lead to Friedmann-Lemaiˆtre-Robertson-Walker (FLRW) cosmology with power-law expansion.
Extension of [75] to spherically symmetric time-dependent solutions was done for a 5D canonically coupled scalar
field, and the cosmology of such models was studied [98]. The equivalence between BornInfeld and effective real scalar
field theories in warped geometry, and localization of matter have also been investigated [99, 100].
The concept of time-dependent soliton solutions arising typically in the (1+1)-dimensional spacetimes was extended
to 5D by Giovannini [101]. Such solutions are appropriate for modelling the 5D domain walls, with infinite extra
dimension, and can be used to describe higher-dimensional cosmological models, for a fixed value of the bulk radius,
which arise from thick branes. The so-called gravitating “kinks” in 5D were investigated by Gremm and other workers
[69, 70, 102]. In a different construction, Kadosh et al [103] obtained cosmologically plausible time dependent DW
configurations by adopting a FLRW, maximally 3-symmetric ansatz for the 5D geometry, with crucial implications.
Here we have considered a thick brane [104–106] in a 5D bulk, with a bulk scalar having self-interaction, a general
exponential warp factor which depends both on time as well as on the extra-dimensional coordinate (as considered
in [87]) and a time-dependent extra dimension. To build a model for a time-dependent process of localization of
gravity, we have considered a time-dependent warp factor. During the early phase of cosmological evolution (the
high energy regime), the universe underwent a very rapid expansion, and therefore it may be presumed that the
process of localization of gravity was time-dependent. This can be described by the time-dependent warp factor,
which in turn gives rise to a time-varying bulk cosmological constant, so that the scale of the extra dimension is also
time-dependent. The gravitational force law was sensitive to the background cosmological expansion [57–59, 73, 74],
and the 4D Newton’s constant was time-varying. The effective cosmological constant of the 4D hypersurface, which
is determined by the curvature of the bulk metric, is time-varying due to the time-dependent process of localization,
and this curvature controls the 4D Newton’s constant. The dynamical evolution of the brane is determined by the
Einstein equations for the combined brane-bulk system and the dynamics of the gravitational field is modified by the
presence of the time-dependent warp factor. If this modification takes place at today’s Hubble scale, H0, then it is
expected that the gravitational force law will get altered at distance scales much smaller than H−10 [107], leading to
an expansion history which can be reproduced by a dynamical dark energy. Somewhere around the end of inflation,
the time-dependent process of localization of gravity came to an end, leading to the finite 4D Newton’s constant in
the present universe. This can be related to the infinite extent of the fifth dimension and is possible if the universe
is inflating at early times. The warp factor is regular at the boundary of the 3-brane and is well-behaved at infinite
distance from the brane. The brane tension is induced both by the bulk cosmological constant, as well as the curvature
related to the expansion of the (3+1) spacetime and the physical universe eventually accelerates. For an AdS bulk,
the zero-mode graviton may not be localized on the brane [108].
The plan of our paper is as follows: After presenting the mathematical preliminaries in Section II, we have con-
structed the 5D field equations in Section III, and examined the status of the energy conditions in the bulk. We have
derived the conditions for the bulk spacetime to be isotropic, and have determined the nature of the bulk matter and
the warping function. By inspecting the field equations for the isotropic bulk, we have assumed a definite correlation
between the warping function and the extra-dimensional scale factor, following the results of supersymmetric brane
models [109, 110]. In Section IV, we assumed a vanishing flux term for the generalized metric, signifying confinement
of matter or energy (or both) within the 4D hypersurface, and have discussed the possibility of having a conformally
flat bulk and the requirements for a stabilized bulk. In Section V, we consider the flux term to be non-zero, which
therefore represents the condition when gravity becomes essentially higher dimensional. In this regime, for the most
general warped metric in 5D, we have assumed that exotic matter in the form of a scalar field with self-interaction
potential (minimally coupled to gravity) propagates in the bulk along with the gravitons. Finally, the summary and
conclusions are presented in Section VI.
II. MATHEMATICAL PRELIMINARIES
Let us consider the generalized 5D action in presence of a real scalar field ψ in the bulk which depends on time and
also propagates in the bulk with potential V (ψ), minimally coupled to gravity:
S =
∫
d5x
√
g¯
[
1
2κ¯2
(R¯− 2Λ¯) + L¯B + 1
2
gAB∇Aψ∇Bψ − V (ψ)
]
+
∫
d4x
√−gLm, (1)
3supplemented with the brane curvature term
M2P
∫
d4x
√−gR, (2)
where g¯AB is the 5D metric of signature (+ - - - -), Λ¯ is the bulk cosmological constant and R¯ is the 5D scalar curva-
ture. The Lagrangian density Lm represents all other contribution to the action which are not strictly gravitational,
including the contribution of the matter fields localized on the brane and any interaction between the brane and the
bulk, and L¯B represents the contribution to the action arising purely due to bulk matter. The constant κ¯ is related
to the 5D Newton’s constant G(5) and the 5D reduced Planck mass M(5) by
κ¯2 = 8πG(5) = M
−3
(5) . (3)
The 5D field equations are
G¯AB = −Λ¯g¯AB + κ¯2T¯AB (4)
where G¯AB is the 5D Einstein tensor and T¯AB represents the 5D energy-momentum tensor. The equation of motion
for the bulk scalar field ψ is given by
✷(5)ψ +
∂V
∂ψ
= 0, (5)
where ✷(5) is the 5D covariant d’Alembertian operator. The energy-momentum tensor for a minimally coupled real
scalar field with potential is of the type
T¯
J(scalar)
I = ∂Iψ∂
Jψ − δJI
(
1
2
g¯KL∂Kψ∂Lψ − V (ψ)
)
. (6)
Warped spacetimes [111] constitute a wide variety of exact solutions to the field equations and have been used to
solve the hierarchy problem and also recover Newtonian gravity in the low energy effective theory of gravity [11]. We
therefore choose a 5D metric ansatz given by
dS2 = e2f(t,y)
(
dt2 −R2(t)(dr2 + r2dθ2 + r2sin(θ)2dφ2))−A2(t, y)dy2 (7)
where y is the coordinate of the fifth dimension, t denotes the conformal time and the function A(t, y) parametrizes
the scale of the extra dimension at different times and at different locations in the bulk. The ”warping function”,
f , is a smooth function, and e2f(t,y) is the time-dependent warp factor. The observed universe is represented by the
hypersurface at y = y0.
III. FIELD EQUATIONS AND ENERGY CONDITIONS IN THE BULK
The non-vanishing components of the 5D Einstein tensor for the space-time under consideration are
G¯tt =
3
e2f
(
R˙2
R2
+
2R˙f˙
R
+ f˙2 +
f˙ A˙
A
+
R˙
R
A˙
A
)
− 3
A2
(
2f ′2 + f ′′ − f
′A′
A
)
, (8)
G¯ty = −
3
e2f
(
(f˙)′ − A˙
A
f ′
)
, (9)
G¯
y
t =
3
A2
(
(f˙)′ − A˙
A
f ′
)
, (10)
G¯yy =
3
e2f
(
R¨
R
+
R˙2
R2
+
3R˙f˙
R
+ f˙2 + f¨
)
− 6f
′2
A2
, (11)
4and
G¯II =
1
e2f
(
2R¨
R
+
R˙2
R2
+
4R˙f˙
R
+ f˙2 + 2f¨ +
f˙ A˙
A
+
2R˙
R
A˙
A
+
A¨
A
)
− 3
A2
(
2f ′2 + f ′′ − f
′A′
A
)
. (12)
Above, a dot represents differentiation with respect to the conformal time t and a prime stands for differentiation
with respect to the fifth coordinate y and I = r, θ, φ. The components of the bulk stress-energy tensor are given by
T¯ tt = ρ¯, T¯
I
I = −P¯ , T¯ yy = −P¯y, T¯ ty = −Q¯.
where ρ¯, P¯ and P¯y are the energy density and pressure in the bulk, with Q¯ representing a non-trivial flux term.
The non-zero G¯ty term with the corresponding T¯
t
y component, indicates a flux of matter or energy (or both) from
the 4D hypersurface into the bulk along the extra dimension. The energy scale necessary to ensure such an access is
few hundred GeV. For such a generic bulk, the corresponding energy-momentum tensor may not be diagonalizable,
although for ”physically reasonable” matter content on the hypersurface [112] (and may be in the bulk), we expect
the stress-energy tensor to be diagonalizable. In our previous work with time-dependent warp factor [87], it was found
that the validity of the strong energy condition (SEC) in the bulk is governed by the nature of warping, as well as by
the effect of the extra dimension. Keeping in mind the possibility of a negative pressure component of matter-energy
(dark energy or cosmological constant), we require at least the weak energy condition (WEC) and the null energy
condition (NEC), to be obeyed. This implies that we must have
ρ¯ ≥ 0 and ρ¯+ P¯i ≥ 0 (i = 1, 2, 3, 4). (13)
Assuming 8πG(5) = 1 in the remaining analysis, we obtain the field equations in 5D as
G¯tt = −Λ¯ + ρ¯, (14)
G¯II = −Λ¯− P¯ , (15)
G¯yy = −Λ¯− P¯y, (16)
and
G¯ty = −Λ¯− Q¯. (17)
The complicated nature of the various components of the Einstein tensor makes it difficult for us to comment directly
on the status of the energy conditions from the above equations. To proceed further, let us write down the energy
conditions in terms of the energy eigen values (say, ai), which must be real for matter-energy obeying the WEC
[113, 114]. These eigen values are given by the roots of the characteristic equation for the energy-momentum tensor:
det(T¯ − aI) = 0. (18)
This implies that ∣∣∣∣∣∣∣∣∣
−ρ¯+ a 0 0 0 Q¯
0 P¯ + a 0 0 0
0 0 P¯ + a 0 0
0 0 0 P¯ + a 0
Q¯ 0 0 0 P¯y + a
∣∣∣∣∣∣∣∣∣
= 0.
Solving this equation, we find that the eigen values are given by
a0,4 =
1
2
[
(ρ¯− P¯y)±
√
(ρ¯+ P¯y)2 − 4Q¯2
]
, (19)
and a1 = a2 = a3 = P¯ . (20)
For these eigen values to be real, we must have,
(ρ¯+ P¯y)
2 − 4Q¯2 ≥ 0, (21)
5along with the following restriction, so as to satisfy (13), i.e.
a0 ≥ 0 and a0 − ai ≥ 0 (i = 1, 2, 3, 4). (22)
The conservation of the energy-momentum tensor T¯ ab ; a = 0 leads us to the two equations
˙¯ρ+ 3(ρ¯+ P¯ )
(
f˙ +
R˙
R
)
+ (ρ¯+ P¯y)
A˙
A
= 0, (23)
and
P¯ ′y + (ρ¯− 3P¯ + 4P¯y)f ′ = 0. (24)
where R˙R = H , is the Hubble parameter on the brane.
A. Conditions for an isotropic bulk
For an isotropic bulk, we have P¯ = P¯y, so that condition (21) reduces to
(ρ¯+ P¯ ) ≥ |2Q¯|, (25)
where Q¯ may be positive or negative but (ρ¯+ P¯ ) must be non-negative so as not to violate the WEC. The condition
(ρ¯+ P¯ ) > 0, then corresponds to the high energy condition for which |Q¯| 6= 0, so that gravity along with particles can
access the higher dimensions. At low energies, |Q¯| = 0 and hence (ρ¯ + P¯ ) = 0, which implies that in this condition,
the energy density of the bulk is sourced by a bulk cosmological constant.
At high energies, assuming positive flux for Q¯, we can rewrite equation (23) in the form
˙¯ρ = −2Q¯
(
3f˙ +
3R˙
R
+
A˙
A
)
, (26)
which represents the equation of continuity for this isotropic bulk. For a surface enclosing a given volume of the bulk
(such that it encloses the 4D universe in the form of a 3-brane), since Q¯ is positive, the energy density inside this
volume should decrease with time, if the quantity inside the brackets is positive. Thus, the rate of decrease of energy
density within the volume of the bulk spacetime enclosing the observed universe, depends on the rate of variation
of the warping function, the rate of expansion of the observed universe and the normalized rate of variation of the
extra-dimensional scale factor.
For the isotropic bulk, we get from equation (24) the following result:
(ρ¯+ P¯ ) = − P¯
′
f ′
. (27)
The l.h.s. of the above equation will be non-negative under the following possibilities:
(i) P¯ ′ = 0, which implies that the pressure is a constant. This is possible when the bulk matter energy-momentum
tensor is that of a perfect fluid representing dust. We can have f ′ to be either positive or negative, which means
that the warp factor may be either growing or of decaying type. However, the decaying type is more favorable
for cosmologically relevant solutions [87].
(ii) P¯ ′ > 0, for which f ′ should necessarily be negative i.e. the warp factor is of decaying type, so that the WEC is
valid.
(iii) P¯ ′ < 0, in which case f ′ is positive and the warp factor is of growing type.
This is then the
Combining equations (15) and (16) for this isotropic bulk we obtain the relation
1
e2f
(
R¨
R
+
2R˙2
R2
+
5R˙f˙
R
+ 2f˙2 + f¨ − f˙ A˙
A
− 2R˙
R
A˙
A
− A¨
A
)
= − 3
A
(
∂
∂y
(
f ′
A
))
. (28)
6Since the l.h.s. involves only time-derivatives and the r.h.s. only the derivative with respect to the fifth coordinate,
without any loss of generality, we can assume that they are separately equal to some constant (say, C). From the
r.h.s. we can infer that the variation of the extra-dimensional scale factor along the direction of the extra dimensional
coordinate at different locations in the bulk, is related to the variation of the warp factor along the extra dimension.
However, accurate predictions can only be made if we know the exact functional relations.
Equating the constant C to zero for the sake of simplicity, we obtain the following relation from the l.h.s. of (28)(
R¨
R
+
2R˙2
R2
+
5R˙f˙
R
+ f˙
(
2f˙ − A˙
A
)
+ f¨ − 2R˙
R
A˙
A
− A¨
A
)
= 0. (29)
The RS scenario led to unnatural correlation between the bulk cosmological constant and the brane tensions. How-
ever, brane-bulk supersymmetry correctly correlates the brane tensions and the bulk cosmological constant in the
supersymmetric RS models [109, 110]. Under this condition, the metric (7) will be a solution of the 5D Einstein
equations, with the warp factor being related to the extra-dimensional scale factor. For a stabilized bulk, A(t, y) must
settle down to a fixed value. A stabilized bulk with constant curvature and characterized by a negative cosmological
constant is free from the appearance of nonconventional cosmologies [115].
A spatially flat FRW-type braneworld is appropriate for achieving cosmological solutions and can be embedded in
any constant curvature bulk [116] e.g. a conformally flat bulk, in spite of representing a dynamical brane. For a
conformally flat bulk, the extra-dimensional scale factor can be a growing function of time [102]. For such a bulk, the
resulting field equations are much simpler owing to the simplified geometry. However, a generalized bulk is usually
not conformally flat. In our model, we embed the spatially flat FRW braneworld in an arbitrary bulk.
Following the results of supersymmetric brane models, we assume the existence of brane-bulk supersymmetry
[109, 110], under which the warp factor is related to the extra-dimensional scale factor. Our assumption is justified
because in section IV, we do find that for low energy gravity (represented by the condition G¯ty = 0 = T¯
t
y), there exists a
definite correlation between the warp factor and the extra-dimensional scale factor. At this juncture we want to point
out that although our assumption is motivated by supersymmetry, no supersymmetry is involved in our derivations.
Inspecting (29), we find that if we assume the following relation between the warp factor f and the extra-dimensional
scale factor A, given by
2f˙ =
A˙
A
, (30)
then not only does it simplify equation (29), but in addition it helps us to derive a solution for the field equations.
From (30), the functional relation between f and A is found to be of the form
2f = lnA− lnC(y), (31)
which can be rewritten as follows
A(t, y) = C(y)e2f(t,y), (32)
where C(y) is and arbitrary function of y. Substituting (30) in (29) and simplifying, we obtain(
R¨
R
+
2R˙2
R2
+
R˙f˙
R
− 4f˙2 − f¨
)
= 0. (33)
The above equation describes the nature of the time-variation of the warping function at a given location in the bulk,
specified by y = constant. For a static brane, the condition y = constant is sufficient to specify the position of the brane
along the extra dimension. However, for a dynamic brane, the deviation of the hypersurface from the tangent plane
will change with time [87, 116, 117], producing a time-varying “bending effect”. Thus the position of the hypersurface
along the extra dimension changes with time. Geometrically, the extrinsic curvature of the hypersurface gives us a
measure of the deviation of the hypersurface from the tangent plane and the bending produces an observable effect in
the form of a smooth scalar function represented by the warp factor. Moreover, as this warp factor also depends on
time, it includes within itself the information regarding the time-dependent variation of the deviation of the brane.
This variation in turn, will affect the mechanism of localization of the fields on the brane.
Since the warp factor is smooth, let us assume that the deviation of the hypersurface changes slowly with time.
During the epoch when, f¨ = 0, equation (33) gets simplified further yielding the following solution [118]:
f(t, y) =
∫
R˙−
√
33R˙2 + 16RR¨
8R
dt + C1(y) (34)
= C2(t) + C1(y), (35)
7where C1(y) is an arbitrary function of y and C2(t) is determined by the specific form of R(t). This means that, for
the case f¨ = 0, the warp factor e2f(t,y) turns out to be of product type, which has already been considered by one of
the authors in [87]. However, for f¨ 6= 0, we cannot derive a straightforward solution, without making an assumption
on the functional form of the warp factor.
For the case R¨ = 0, if we have f¨ = 0, then the solution for the warping function is obtained as
f(t, y) =
(1 +
√
33)
8
lnR+ C3(y), (36)
where C3(y) is another arbitrary function of y. This is a very special case, but the analysis yields us a clear picture
of the different conditions under which the warping function can be considered to be a separable function of t and y.
We now proceed to investigate the nature of solution to the field equations, for the two different conditions: first
at low energies corresponding to the condition G¯ty = 0 = T¯
t
y, when gravity and particles are confined to the four-
dimensional hypersurface, and secondly at high energies, when gravity can access the bulk [15–25], the condition being
mathematically represented by G¯ty = T¯
t
y 6= 0.
IV. THE CONDITION G¯ty = 0 = T¯
t
y
To prevent matter or energy flowing out of the brane along the fifth dimension, we require T¯ ty = 0, which implies
that G¯ty = 0 and hence from (9) we obtain
f˙ ′ =
A˙
A
f ′. (37)
Assuming that both A, f and their first order derivatives are continuous, (37) can be integrated to give the result
A(t, y) = χ(y)f ′(t, y), (38)
indicating that the extra-dimensional scale factor is indeed related to the warp factor, specifically, the extra-dimensional
scale factor at a given y and t, depends on the way the warping function varies along the extra dimension at that
instant at the given location, and will be different at different locations in the bulk. The manner in which gravity is
localized on the 4-dimensional hypersurface at different locations in the bulk (being monitored by the warp factor),
will also be different at different times. This is in agreement with the results of supersymmetric brane models as
mentioned earlier, although no supersymmetry was involved in our derivation.
The metric (7) now assumes the form:
dS2 = e2f(t,y)
(
dt2 −R2(t)(dr2 + r2dθ2 + r2sin(θ)2dφ2))− χ2(y)f ′2(t, y)dy2, (39)
Consequently, the Einstein equations for the above spacetime get reduced to the form
ρ¯− Λ(5) =
3
e2f
(
R˙
R
+ f˙
)(
R˙
R
+ f˙ +
f˙ ′
f ′
)
− 3
χ2f ′
(
2f ′ − χ
′
χ
)
, (40)
P¯ + Λ(5) = −
1
e2f

2
(
R¨
R
+
R˙f˙
R
+ f¨
)
+
(
R˙
R
+ f˙
)2
+
f˙ ′
f ′
(
f˙ +
2R˙
R
)
+
f¨ ′
f ′

+ 3
χ2f ′
(
2f ′ − χ
′
χ
)
, (41)
and
P¯y + Λ(5) = −
3
e2f
(
R¨
R
+
R˙2
R2
+
3R˙f˙
R
+ f˙2 + f¨
)
+
6
χ2
. (42)
Thus we have six unknowns (f , R, χ, ρ¯, P¯ and P¯y) and three equations, leaving us with the freedom of choosing three
free functions. Choosing an isotropic bulk, we can reduce the number of unknowns to five. Subsequently, we can
invoke the energy conditions and a specific equation of state to take care of the other two unknowns. That opens up
innumerable number of possibilities, and we will report that analysis in a future paper [119]. Instead, let us examine
here whether the metric (39) can represent a conformally flat geometry or not.
8A. Nature of bulk geometry
The non-zero components of the Weyl tensor for the line element (39), are given by
CABAB = factor×
(
1
e2f
(
R¨
R
− R˙
R
(
f˙ +
R˙
R
)
+ f¨ − f˙2 + f˙
′
f ′
(
R˙
R
+ 2f˙
)
− f¨
′
f ′
))
(43)
where, only the “factor” varies for the different components of the Weyl tensor. The condition for a conformally flat
bulk is known to be given by
CABAB = 0. (44)
If (44) is to be satisfied, then (43) implies that we must have
1
e2f
(
R¨
R
− R˙
R
(
f˙ +
R˙
R
)
+ f¨ − f˙2 + f˙
′
f ′
(
R˙
R
+ 2f˙
)
− f¨
′
f ′
)
= 0. (45)
In that case f(t, y) must be of the form f(t, y) = F1(t) × constant, since f(t, y) also depends on y. In fact solving
(45) for f(t, y) [118], we find that
f(t, y) = F1(t)F2(y) where F2(y) = constant, (46)
F1(t) being an arbitrary function of time. But (46) basically implies an unwarped metric. In that case the correlation
(38) also becomes invalid since the extra-dimensional scale factor becomes trivial and the concept of the fifth dimension
loses sense. Therefore, a geometry represented by a line element of the type (39) with a generalised warp factor and
a generalized scale factor for the extra dimension, will not be conformally flat, even if G¯ty = 0.
We are tempted to leave the following comment at this point: Only with a separable warp factor, as for example
done by [75, 76, 87], we will have a conformally flat geometry for a 5D line element with a time-dependent warp
factor.
B. Requirements for a stabilized bulk
For the bulk to be stabilised, we need A˙ = 0, which implies that A = A(y). In that case it follows that for T¯ ty = 0,
we need f˙ ′ = 0, which will be satisfied provided either f = f(t) or f = f(y). But f = f(t) corresponds to the
unwarped case for which we can simply absorb f(t) inside the 4D metric. For f = f(y), we recover the usual RS
scenario. When f ′′ = 0⇒ f ′ = constant, we have f = const× y, corresponding to a de Sitter 3-brane embedded in a
AdS bulk. If the bulk is of constant curvature, then the 5D Weyl tensor vanishes and the bulk is characterized by a
negative cosmological constant with ρB = −PB.
If however, the warp factor is of product form, as discussed in an earlier paper [87], an assumption that transforms
the Einstein equations into a simpler form, which can be solved by straightforward calculations, then the energy-
momentum tensor has only the T¯ yy component other than the components on the brane. This set-up also corresponded
to a stabilized bulk. The validity of SEC in the bulk for such a metric is governed by the nature of warping and the
effect of the extra dimension. It was shown in [87] that the WEC is valid for an isotropic bulk for a certain form of the
4D scale factor and the time-dependent warp factor The 4D universe is initially decelerated, but makes a transition
to an accelerated phase at later times, leading to an interpretation of dynamical dark energy which is related to the
time-dependent warp factor.
V. GRAVITY AT HIGH ENERGIES WHEN G¯ty = T¯
t
y 6= 0
We now consider that the energy scale is in the GeV range, so that particles can escape into the extra dimension.
Here we incorporate the correlation between the warping function and the extra-dimensional scale factor that we
derived in Section III following the results of supersymmetric brane models, from equation (32), into our metric
ansatz in (7). In that case, the 5D metric assumes the form
dS2 = e2f(t,y)
(
dt2 −R2(t)(dr2 + r2dθ2 + r2sin(θ)2dφ2))− e2f(t,y)dy2, (47)
9where we have redefined the y-coordinate by replacing dy −→ (C(y))−1/2dy, the function C(y) being the same as the
one which appeared in equation (32).
Further, we assume that the 5D bulk is characterised by a scalar field ψ(t, y) with self-interaction potential V (ψ),
minimally coupled to gravity [26, 101]. With the bulk metric now given by (47), the scalar field equation of motion
reduces to the following form:
ψ¨ − ψ′′ + ψ˙(3Q+ 3H)− 3Pψ′ + Γ2 ∂V
∂ψ
= 0, (48)
where H (= R˙R ) is the Hubble parameter on the brane, and we have introduced the following redefinition of parameters
(i) e2f(t,y) = Γ2 ⇒ f(t, y) = ln Γ,
(ii) P (t, y) = ∂f∂y =
∂ ln Γ
∂y ,
(iii) Q(t, y) = ∂f∂t =
∂ ln Γ
∂t .
Consequently the Einstein equations in the bulk appear as follows:
6(H2 + 3HQ+ 2Q2 − P 2 − P ′) = ψ˙2 + ψ′2 + 2Γ2 (V − Λ¯) , (49)
6QP − 3(Q′ + P˙ ) = 2ψ˙ψ′, (50)
6(H˙ + 2H2 + 3HQ+ Q˙+Q2 − 2P 2) = ψ˙2 − 3ψ′2 − 2Γ2 (V − Λ¯) , (51)
4H˙ + 6(H2 + 2HQ+Q2 + Q˙− P 2 − P ′) = ψ˙2 − ψ′2 − 2Γ2 (V − Λ¯) . (52)
Subtracting (52) from (51), we get
ψ′2 = 3P 2 − 3P ′ − H˙ − 3H(H +Q). (53)
On the other hand, adding (49) and (52), we obtain
ψ˙2 = 2H˙ + 3H(2H + 5Q) + 9Q2 + 3Q˙. (54)
Equations (53) and (54) indicate that the scalar field ψ is independent of Λ¯.
Let us now consider the following form of the warp factor:
e2f(t,y) = Γ2 =
1
1 + α2(t+ y)2
, (55)
where α is a dimensionless parameter. In that case, the warping function f(t, y) and the variables P (t, y) and Q(t, y)
are given by
f(t, y) = −1
2
ln[1 + α2(t+ y)2], (56)
Q(t, y) = P (t, y) = − α
2(t+ y)
1 + α2(t+ y)2
. (57)
Further, we assume that the scalar field has the form
ψ(t, y) =
√
3 arctan[α(t+ y)], (58)
such that the warp factor and the scalar field are related by
e2f(t,y) = Γ2 =
1√
3α
∂ψ
∂u
, (59)
where u = (t+ y). Basically, this is similar to the time shifted solution derived by Giovannini in [101] by generalizing
the static maximally 4-symmetric solution in [70] to the time-dependent case by the simple coordinate redefinition
y → y + t. This choice satisfies the field equations, with the bulk cosmological constant Λ¯ being determined in terms
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of H , the Hubble parameter of the brane at the particular position in the bulk. To determine the scalar field potential
V (ψ), we plug in (55), (56), (57) and (58) into the equation of motion (48), which then yields
V (ψ) = −3
√
3α
∫
Hdψ. (60)
For the simple case, H = constant, i.e. H is independent of time, (60) can be integrated to yield
V (ψ) = −3
√
3αHψ. (61)
Thus, whether H is a constant or not, the potential of the scalar field source of gravity at a given time and a given
position along the fifth dimension, is related to the Hubble parameter on the brane at that location in the bulk, i.e.,
it is related to the rate of expansion of the brane universe at that position in the bulk.
We note here that the line element (47), is similar to the line element (2.1) in the paper [101], by Giovannini,
which corresponds to time-dependent gravitating solitons in 5D warped spacetimes. The parameter ǫ appearing in
the correlation for the warp factors in equation (2.11) of [101], is equal to unity in our case, since the two warp factors
are identical in our line element (47). In his paper, Giovannini considered a Minkowski brane, but here we have
considered a spatially flat FRW brane. The scalar field potential V (ψ) in our case is non-zero, as is found in equation
(60), and is related to the Hubble parameter on the brane at the particular value of extra-dimensional coordinate
y. On the other hand, with a Minkowski brane in [101], the condition ǫ → 1 reduced the solution to an essentially
time-dependent one with vanishing potential (i.e. V (ψ) = 0). The solution for ǫ = 1 in [101] had no static analog,
since the time-dependence was essential. In our case too, the time-dependence is essential.
VI. SUMMARY AND CONCLUSIONS
In this paper, we have considered five-dimensional warp product space-times with a time-dependent warp factor
and a non-compact fifth dimension. The warp factor reflects the confining role of the bulk cosmological constant to
localize gravity at the brane through the curvature of the bulk. Since this process of localization is expected to have
some time-dependence during the early phase of cosmological evolution, we have considered a generalized warp factor
which depends both on time as well as on the extra-dimensional coordinate. The extra-dimensional scale factor is
also a function of time and of the extra coordinate, so that we are dealing with a very general type of bulk. The eigen
values for the energy-momentum tensor are evaluated and the condition for the WEC and NEC to hold in the bulk
are discussed. Combining these conditions with the conservation equations, we have been able to comment on the
nature of matter-energy tensor for this bulk and the type of warping function.
At low energies, when gravity and particles remain confined to the brane, corresponding to the case T¯ ty = 0, we found
that the extra-dimensional scale factor depends on the variation of the warping function along the extra dimension.
In general, the bulk is not conformally flat, although it can be so if the extra-dimensional scale factor is only a
function of time or the warp factor is of product type, being separable into a time-dependent and a extra dimension
dependent part. When the variation of the warping function along the extra dimension assumes a constant value, i.e.,
f ′ = constant, we have a de Sitter 3-brane embedded in a AdS bulk. For a stabilized bulk of constant curvature, our
model reduces to the standard RS scenario, with the bulk characterized by a negative cosmological constant.
Finally, at high energies when T¯ ty 6= 0, we have considered the generalized warped metric for the bulk to be sourced
by a bulk scalar field. Considering a self-interacting scalar field, and with a given choice for the warping function, we
have determined the solution to the scalar field, and the scalar field potential from the field equations. We find that
both the bulk cosmological constant and the potential of the scalar field source of gravity at a given time and a given
position along the fifth dimension, is related to the Hubble parameter on the brane at that location in the bulk, i.e.,
it is related to the rate of expansion of the brane universe at that position in the bulk.
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